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Finite-element calculations for dielectric
relaxation of one-sphere systems
in a parallel-electrode measuring cell

Abstract Using the finite-eclement
method (FEM), the frequency
dependence of conductivity and
relative permittivity was calculated
for a heterogeneous specimen in
which a sphere was placed in a
medium. The FEM calculations
were made for the whole system in
which the specimen was located in a
measuring cell comprising two par-
allel electrodes and a spacer with a
cylindrical sample cavity, as in
practical measurements. Values of
the conductivity and the permit-
tivity of the sphere and the medium
were chosen so as to simulate
specimens of water-in-nitrobenzene
(W/N) and oil-in-water (O/W)
types. When the volume ratio of the

sphere to the sample cavity p was
below 0.1, the frequency depen-
dence of conductivity and permit-
tivity was in good agreement with
that described by Wagner’s theory
for both the W/N and O/W speci-
mens. When p was greater than 0.1,
deviations from Wagner’s theory
were found for limiting values of
the conductivity and permittivity at
low and high frequencies for both
the W/N and O/W specimens, and
for the relaxation time for the W/N
specimens.
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Introduction

Colloidal systems show dielectric relaxation from several
origins such as motion of polar groups of constituent
molecules, motion of counterions at charged surfaces
and accumulation of ions at interfaces under external
electric fields [1-5]. Measuring the specimens using well-
designed apparatuses and analyzing the observed data
by appropriate theories provide valuable information on
molecular motion, structure and electrical properties of
the colloidal systems.

In practice, several types of measuring cells are used
in frequency-domain dielectric spectroscopy in the
radio-frequency region (below 107 Hz). One of the
simplest measuring cells comprises a pair of parallel-
plate electrodes and a plate spacer in which a hole is
bored to form a sample cavity. Measuring cells of this
type were originally designed for measurements on

suspensions of biological cells and on homogeneous
solutions [6]. Asami and coworkers [7-9] used similar
measuring cells for measurements of a single millimeter-
sized sphere immersed in a medium, to make clear the
relation between the structure of the particles and
the dielectric spectra. These experimental studies serve
as the basis of structural analysis using dielectric
spectroscopy in colloid science and biology. Asami and
Zhao [10] developed this technique for measurements of
a single sub-millimeter sized sphere using a three-
terminal chamber. As a more sophisticated design, the
electrodes were attached to rheometers to investigate in
situ the deformation of droplets in concentrated emul-
sions [11] and the change in the aggregate structure in
a suspension under shearing flow [12]. The scanning
dielectric microscope comprises a fixed plate electrode
and a movable guarded pin electrode [13-15]. A
vibrating electrode was used in simultaneous monitoring
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of viscoelastic and dielectric properties of curing epoxy
resins [16].

For modification of the measuring cells, the most
important problem is that it is difficult to assess the
artifacts in the measurements [6, 17] from the design
drawings. In the present study, a numerical method based
on the finite-element method (FEM) [18, 19] for the
assessment of the artifacts is developed. As an example,
the system studied experimentally by Asami and cowork-
ers [7-9] containing a single millimeter-sized sphere in a
parallel-plate-type measuring cell is simulated, because
this system provides important information irrespective
ofits simple geometry. To simplify the problem, the sphere
is assumed to be homogeneous and to have no fixed
chargesinitsinterior and atits surface. Attention is paid to
the effects of the size of the sphere. The artifacts caused by
these effects are characterized by comparing the results of
the simulation with Wagner’s theory, which describes the
dielectric properties of dilute suspensions of spheres [1-5].

Theory and methods of calculation
Wagner’s theory

Electromagnetic phenomena in materials are described
by the Maxwell equations. Since we are concerned with
dielectric behavior at frequencies below 10’ Hz, quasi-
static electric fields can be assumed. In such a case,
Laplace’s equation is applicable to a system without
space charge [20, 21].

div(x* grad ¢) =0 (1)

where ¢ denotes the electric potential and x* the
complex conductivity. The complex conductivity x* is
defined by the relation

*

K =K +iK =Kk +iwee

2)
using an imaginary unit i, a real part ¥’ and an
imaginary part k”, with k¥’ and x” being represented by
the conductivity «k, the circular frequency of the electric
fields w, the permittivity of vacuum ¢y and the relative
permittivity e&.

Wagner’s theory [2-5] is derived on the basis of Eq.
(1) by calculating analytically the equivalent dipole
moment of a spherical region in suspensions of spheres
under the following assumptions:

1. The suspensions are placed in uniform external
electric fields.

2. Electrical interactions between the spheres can be
neglected.

3. Interfacial phenomena at the surface of the spheres
can be described simply by the boundary conditions

b1 =2, (3)
KTE] n; + K; E;n, =0, (4)

where subscripts 1 and 2 denote the sphere and the
medium, respectively, n is the unit vector normal to the
surface and E = —grad ¢. From this theory, the complex
conductivity gy, ~of the suspension is given by the
relation

i ) 9 * ok
K:Wﬂ — K'; ( K2*+ Kl*) p(K*2_ il) , (5)
¢ (215 + x7) + p(r5 — x7)

where p is the volume fraction of the suspension.
Irrespective of the simplicity of the derivation, it has
been shown experimentally that Wagner’s theory is
applicable to suspensions of large spheres without fixed
charges when p is less than 0.1 [2, 4, 5].

Numerical analysis using FEM
Model

To simplify the problem, the FEM calculations were
made using a model that was symmetric with respect to
the z-axis and also to the r-plane in cylindrical coordi-
nates, as shown in Fig. 1. In this model, a spacer having
thickness 7 and radius R; is sandwiched by two
electrodes. A cylindrical sample cavity with radius R,
is bored at the center of the spacer. The specimen is a
heterogeneous system comprising a sphere with radius
R; and a medium. The sphere is located at the center of
the sample cavity.

The FEM calculations were carried out on the basis
of Eq. (1). Because of the axisymmetric arrangement of
the model, Eq. (1) is represented in cylindrical coordi-
nates:

0 . 09 0 L0\
5(”6 5) —&-&(m 62) =0,

where r and z denote the radial and axial coordinate,
respectively.

It was assumed that Eqs. (3) and (4) held at the
sphere-medium interface. Similar conditions were

()

electrode ¢ = ¢g

g1l 1
E € c
2 -% / sample cavity %
855772\ g
] V1 sphere medium
Ky, & Ko, €
(0]
0 plane of symmetry ¢ =0 r

Fig. 1 The model used in the finite-element method (FEM) calcula-
tions for the one-sphere systems
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assumed at the medium-spacer interface. The following
conditions were enforced upon ¢ and E at the outer
surface of the model:

l. ¢ = ¢p when z=T/2.

2. ¢ =0 when z=0.

3.En=0 when »=0 or r = Rj.

FEM calculation

In the FEM calculations, the region in question was
subdivided into triangular elements, in which ¢ was a
linear function of r and z, and k* was a constant. Using
the values of ¢ obtained from the calculations, the
values of the surface density ¢ of charges accumulated at
the interfaces were calculated from the following
relation, which was derived on the basis of Eq. (4):

o= —&(k;Eim; + 1, Eemy) (7)

where subscripts j and k represent the materials. The
admittance Y of the whole region was calculated from
the relation

_
25

where I was obtained by summing the current densities
k*En over the whole electrode surface, k*En being
obtained as the result of the FEM calculations.

The values of the parameters used in the FEM
calculations are shown in Table 1. The radius R; of the
sphere was changed from 0.5 to 4.6 mm to examine the
effects of R; on the dielectric relaxations. The water-in-
nitrobenzene (W/N) and the oil-in-water (O/W) systems
simulate heterogeneous specimens of W/N structure and
those of O/W structure, respectively. The values of k and
¢ of the spacer are typical of insulating nonpolar
materials [22].

Y = 8)

Table 1 Parameter values used in the finite-element method (FEM)
calculations for water-in-nitrobenzene (W/N) and water-in-oil (O/
W) systems

Potential ¢g = 0.5V
Geometry R is changed from 0.5 to 4.6 mm
R, = 5mm
R3 = 15 or 20 mm
T/2 = 5 mm
Electric properties of materials
W/N system
Sphere ki =1mS m™ g =80
Medium Ky =0 & =135
Spacer K3 =0 5 =2
O/W system
Sphere ki =0mS m™! g =2
Medium K =1 & =80
Spacer k3 =0 &5 =2

R; = 1.0 mm
real part

imaginary
part
c> 5x10‘\‘° Ccm?
NN
¢ =0.0001 V
6=0.5V
R; =4.6 mm
real part
imaginary
part

{0.005

fo > 7x1010 C m2

Fig. 2 Distribution of the electric potential ¢ and the charge (¢
represents its surface density) in the measuring cell for water-in-
nitrobenzene (W/N) systems at 10° Hz

Results and discussion
Distribution of potential and accumulated charge

The distribution of ¢ and ¢ in the W/N systems at 10°
Hz is shown in Fig. 2. As seen from the figure, the
charge accumulated at the sphere-medium interface
modifies the distribution of ¢ in the measuring cell.
When R; = 1.0 mm, effects of the accumulated charge
are limited within the sphere and the medium. When
R; = 4.6 mm, these effects extend into the spacer,
producing accumulated charge at the medium-spacer
interface and modifying the distribution of ¢ in the
spacer. In addition, E in the sphere is nonuniform when
R, = 4.6 mm.

Effective complex conductivity of the sample

The value of Y evaluated from Eq. (8) contains the
contributions of the specimen and the spacer. If E in
the spacer is uniform and parallel to the z-axis, these
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contributions can be represented by a lumped circuit
model comprising two admittance elements in parallel
corresponding to the specimen and the spacer [17]; thus,
Y is given by the relation

TR} n(R3 — R}
Y = Kgpem Tz + 15 % ; 9)
where ;g\ represents the effective complex conduc-
tivity of the specimen placed in the measuring cell and «
represents the complex conductivity of the spacer.

In the present study, Eq. (9) was used to evaluate
ki ppm- Although it may be unreasonable to apply Eq.
(9) in large-R, regions as seen from Fig. 2, this treatment
that is the same as that used in experimental studies is
helpful to assess the artifacts produced by the increase in
Ry. The frequency dependence of (g, obtained using
mesh S46b listed in Table 2 is shown in Fig. 3.

Comparison with Debye-type relaxation

The dielectric relaxation with a single relaxation time is
phenomenologically represented by the Debye formula

ot (ky — KL)

10
1 +imt (10)

K* =K + +iweyey

(11)

where K, ky, éL and ey denote the limiting values of the
conductivity and the relative permittivity at low (sub-
script L) and high (H) frequencies. The term t denotes
the relaxation time [1-5].

In order to examine if the dielectric relaxation
calculated by FEM is simulated by the Debye formula,
it was compared with the calculation from Egs. (10) and
(11). The results in a large-R; region are shown in Fig. 3.
The solid lines calculated from Egs. (10) and (11) with
the most suitable values of ki, ky, ¢, and ey are seen to

(eL —en)eo = (Kku — kL) T ,

be in good agreement with the frequency dependence of
kippm Of the O/W system. However, Fig. 4 clearly
shows a significant difference between the Debye
formula and the frequency dependence of gy of the
W)/N system; the deviation increases with increasing R;.
This deviation indicates an apparent distribution of the
relaxation times. In small-R; regions, the frequency
dependence of k] pgy; was found to agree with the Debye
formula, in both the O/W and the W/N systems.

Since the accuracy of the FEM calculation depends
on the size and the shape of each element and the
arrangement of the elements, the calculations were
performed using two or three different meshes to test
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w e
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:E 100 1200 =
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> 8or —4100 §
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[
60} OmO=O=O=0=O 0
W/N-system =
R, = 4.6 mm (S46b)
40! 1 1 1 1 1 1 L
27.2 T T T T T T 311
@ e
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Fig. 3 Dielectric spectra of the one-sphere system in the parallel-plate-
type measuring cell containing a sphere 4.6 mm in radius

Table 2 Characters of some

of meshes used in the FEM Mesh S10a S10b S10c S46a S46b
calculations
R;/mm 1.0 1.0 1.0 4.6 4.6
R;/mm 15 15 15 15 20
Number of nodes 420 454 704 737 831
Number of elements 781 845 1343 1387 1570
Limiting values of k and ¢ of specimen®
W)/N system (k. = 0)
KH 2.630 2.629 2.628 332.0 332.1
&L 35.566 35.566 35.565 137.39 137.39
en 35.168 35.168 35.168 53.59 53.59
O/W system
KL 992.05 992.05 992.04 309.4 309.2
KH 992.05 992.05 992.04 3104 310.2
&L 79.388 79.388 79.387 27.09 27.08
| an 79.387 79.387 79.387 27.01 26.99

# Unit of k is uS m~
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Fig. 4 Deviation of dielectric spectra of the one-sphere systems
(FEM) from the Debye formula
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Fig. 5 Change in the limiting values of the conductivity xy, L and
the relative permittivity & ,ey at low (subscript L) and high (H)
frequencies with the volume ratio of the sphere to the sample cavity in
the W/N systems

the validity of the calculations. The character of some
meshes and the values of xr,xu, e and ey for K{ppy
evaluated using these meshes are listed in Table 2. The
agreement among these values indicates that the accu-
racy is satisfied in the calculations. Plots of x,xy, &L
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Fig. 6 Change in kp,xy,ée. and ey with the volume ratio of the
sphere to the sample cavity in the oil-in-water (O/W) systems

and ey against the volume ratio of the sphere to the
sample cavity are shown in Figs. 5 and 6.

Comparison with Wagner’s theory

It is derived from Eq. (5) that K§ Wag 1 represented by the
Debye formula [1-5]. This behavior is parallel to that of
K! ppym 10 the W/N systems in the small-R, regions and in
the O/W systems, as described in the preceding section.
To compare the Values KL, ki, 61 and eg for Kk{ppy
with those for «gy,,. Kiw,, 1S calculated from Eq. (5)
by taking the volume ratio of the sphere to the sample
cavity to be p. The values of ki, ky, & and ey calculated
for Ky, (thick solid lines) and ;g (thin solid lines)
are shown in Figs. 5 and 6. As seen from these figures, the
values for k{y,, agree closely with those for « gy When
the volume ratio of the sphere to the sample cavity
is below 0.1: in high-volume-ratio regions, the values
deviate from «pgy. The feature of the deviations
is different among the parameters and is dependent on
the electrical properties of the specimens, for example,
the deviation in &y is very slight for the W/N systems.

Analysis based on Wagner’s theory

The following relations are derived by substituting
Ky =0 or k; =0 into Eq. (5) [5].

If Ky = 0,
I—SL/82
_ 12
P 24¢ /e (12)
and if k; =0,
2(1 —KL/Kz)
= 13
2+ kL1 (13)
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Fig. 7 Apparent volume fraction evaluated from the analysis of
dielectric spectra of the one—sphere systems

where k, and x; denote the conductivities of the medium
and the sphere, respectively, and ¢, is the relative
permittivity of the medium. Using the values of ¢ and
kL for xfppy, the apparent volume fraction p,,, was
obtained from Egs. (12) and (13), and is plotted against
the real volume ratio of the sphere to the sample cavity
Prear In Fig. 7.

As seen from Fig. 7, the values of p,,, agree closely
with those of p;ca When pre. is less than 0.1. This result
supports the validity of the choice of the sphere-cavity
volume ratio in the model as p in Eq. (5), made in the
preceding section. When p,, is greater than 0.1, p,p, is
less than pre, in the W/N systems and p,p, is greater
than pr. in the O/W systems. The behavior of p,,, in
the O/W systems is consistent with experimental obser-

vations by Asami and Irimajiri [8]. This supports the use
of the FEM analysis in the present study.

Conclusion

The present study shows that FEM calculations of the
dielectric relaxation can be practiced with the required
accuracy. This suggests that the procedure in this study
can be extended to various types of measuring cells by
changing the geometry of the model. Effects of the
interfacial phenomena can be investigated using more
complicated boundary conditions and/or Poisson’s
equation in place of Eq. (1).

The dielectric properties of the one-sphere systems in
the parallel-plate-type measuring cell are shown to be
described by Wagner’s theory when the volume ratio of
the sphere to the sample cavity sphere is below 0.1. This
result is not self-evident because Wagner’s theory and the
method used in this study are derived from different ideas.
The validity of the choice of the sphere-cavity volume
ratio in the one-sphere system as the volume fraction in
Wagner’s theory is not proved theoretically at this stage.

An increase in the size of the sphere causes several
kinds of deviation from Wagner’s theory, such as the
distribution of relaxation times, and the deviation in the
limiting values of the conductivity and the permittivity
at low and high frequencies. These effects are dependent
on the electrical properties of the specimen. This
suggests that the artifacts should be assessed using ap-
propriate standard materials in experimental studies.
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